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Consider the change of Internal Energy 

(1) dU = TdS - pdV 

The Gibbs Potential G = U - TS + pV gives 

(2) dG = -SdT + Vdp 

The argument of homogeneous functions establishes G as 
(3) G = Njw(T,p,c) (sum over repeated indices) 


where w(T,p,c) = OnjG is the chemical potential of species j which depends only on intensive 
quantities (temperature, pressure, concentrations) 


Now consider two systems not in equilibrium with each other. Bringing them into contact and into 
thermal equilibrium minimises their total Gibbs Potential. 

How does this affect the internal energy? 

As an example, look at the mixing of a salt solution with water. The mixture will heat up slightly. 
Where does this energy come from ? 

From the minimisation of Gibbs potential, one will say. 

We can assume that the solute (salt) does not affect particle energies such as to justify a temperature 
increase which becomes a pure entropy effect. 

But, how is the Gibbs potential contained in the Internal Energy which is conserved in the process? 
Let's go back to our starting point, the change of Internal Energy 


(4) dU = TdS - pdV 

and rewrite it as 

(5) dS = 1/T dU + p/T dV 

Interpret thermal equilibrium as the maximisation of entropy with the constraints of given mean 
Internal Energy, volume and particle numbers. The coefficients before the differentials then become 
Lagrange parameters and we can extend the formula as 

(6) dS = 1/T dU + p/T dV - p/T dN; 

which gives for the change of Internal Energy 

(7) dU = TdS - pdV + p; dN; 

When we form 


(8) G=U-TS + pV - Nyy 
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we get 

(9) dG = -SdT + Vdp - N; du; 

The argument of homogeneous functions establishes N; du; = 0, hence 

(10) dG = -SdT + Vdp and G = Nj,(T,p,c) as before. 

The internal energy, however, has changed compared to our former expression to 
U > Un + Nia 


Un is the original, Microscopic Internal Energy (MIE) which contains particle kinetic and 
interaction energies only. 

The Gibbs Potential (Phlogiston (?)) becomes an additional part to form the Total Internal Energy 
(TOE) and its minimisation is a release of energy which can show up as heating. For an 
endothermal process, this release will reduce cooling, as in the solution of salt in water, for instance. 
The derivation of the chemical potential only involves the MIE since we subtracted the Gibbs 
Potential from the TOE (see above (8)). So there is no circular reasoning. 

We might be tempted to discuss away the effect of Gibbs Potential by the fact that stoichiometric 
changes yield p dN; = 0. But this is only true for equilibrium processes in both directions and 
serves to determine the value of the chemical potential through species concentrations. 

The Gibbs Potential and with it the chemical potential really becomes the central thermodynamic 
quantity. If we have an independent, electrochemical way for its evaluation, we can find its entropy 
and thus, the MIE. 

Knowledge of chemical potential, Entropy and MIE allow us to derive the heat capacities of TOE, 
because heat capacity really determines change of TOE and not MIE. 

This is an experimental test of the reasoning exposed. 

If one takes the traditional approach and uses only MIE in the heat capacities, there should be a 
mismatch between the measured values of the heat capacity and the ones derived from the chemical 
potential. 

Even if quantitative discrepancies might be small, the qualitative change for the interpretation of 
Internal Energy is, however, profound. If we want to respect the First Law of Thermodynamics, we 
cannot view thermal energy in purely microscopic terms anymore but have to include entropy, 
contained in the chemical potential, which goes beyond the notion of a particle and its interaction 
with its surroundings. Entropy is associated with "information", whatever we understand by that, 
and that "information" has an energy content that contributes directly to thermal energy as a 
conserved quantity. 

A quantum statistical treatment with a statistical operator will not need this artefact; energy is 
automatically conserved since it is the time propagator. 

In the thermodynamic quantum treatment one starts from a non-equilibrium situation and is only 
interested in values for t — œ. But the quantum approach gives too much information which one 
has to reduce to temperature, pressure (which one has to "invent") etc. to make a connection back to 
thermal conditions. Moreover, it is hard, nay, impossible to draw any useful information from ab- 
initio calculations apart, maybe, from very elementary situations which one cannot readily 
generalise. 

Hence, the phenomenological approach retains its entire usefulness and will have to be tested and, if 
our reasoning is confirmed, modified accordingly. 
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Chemical Potential 

Let us dwell a little on the issue of the Chemical Potential (CP) so central to thermodynamics. 
Mathematically, we use it as a Lagrange parameter to adjust the mean particle number or density. 
Let us look again at equ. (7) 


(7) dU = TdS - pdV + p dN; 


The CP of a species is related to the energy needed to increase mean particle density. In the 
expression for the Total Internal Energy, the chemical potential has the character of an intensive 
quantity like temperature and pressure. 

All extensive scalar thermodynamic quantities (energy, volume, particle number...) are positively 
bounded. 

How about the intensive quantities? 

For temperature, the use of "negative temperature" might be a useful tool within a model, but as an 
observable, temperature is positively bounded. 

The same applies to pressure. Although negative pressures (pulling forces) can be useful in 
hydrodynamics, as a thermodynamic quantity, pressure is always positive. 

Now, how about the chemical potential? 

Since the chemical potential determines the Gibbs Potential which is an extensive quantity and as 
such positively bounded, we have no choice but to conclude that the same applies to the chemical 
potential as an intensive quantity. 

Therefore, the Total Internal Energy (TOE) will always be superior to the microscopic internal 
energy (MIE). 

That is nice in theory but "practical" thermodynamics shows the opposite. For gases, the chemical 
potential (CP) is always negative. 

If we took u = 0 for a Hydrogen gas treating it as a Fermi gas, which should give lowest possible 
density, we would end up, at room temperature, with a gas of around 3000 bar (!). Only for a free 
electron gas in metals can we define a useful positive CP. 

How can we reconcile thermodynamics with this finding? 

A way out is to consider the complete relativistic energy, composed of mass energy and kinetic and 
electric field energy. 

This shifts the energy zero for each species by mc? . 

It also shifts the zero of chemical potential by the same amount, thus we have 


=m + Au> 0 
hence 
-mc? < Ap < 0 


Au becomes our customary chemical potential. It now has a lower bound to keep the "real" CP 
positive but it has no upper bound. Theoretically, this gives a minimum, non-zero density for every 
gas. Yet, this lower bound is so low, for any species including electrons that is will never play any 
role, not even cosmologically. These shifts of CP and TOE do never show up in real life since we 
always have a mass balance. So, TOE can be larger or smaller than MIE depending on 
circumstances. 

We have to make a special mention for the case Au = 0. As a Lagrange parameter, this case is 
strictly excluded since it leaves particle number indeterminate. Yet, when we look at systems like a 
quantum gas (see below), we obtain perfectly defined densities and have continuity when passing 
from positive to negative values. This behaviour is indication that our formalism really uses the 
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relativistic energies (with mass term) without us noticing and that Ap is actually a difference term. 
This might be traced to the fact that thermodynamics establishes relations between systems and in a 
way already uses mostly "relative" quantities (not always, see below). The average particle number 
constraint supposes a volume with thermal contact, with a tiny opening to a particle "bath". So, the 
particle mass never comes into play, since the particles are already there, but in a different place. 
The mass shifts could only become relevant in extreme conditions with pair creations (universe, 
high-energy collisions). 


Fermions and Bozos 
On this occasion, let us look at quantum gases where each state can be occupied a number N times. 
N = 1 corresponds to fermions, N > 1 corresponds to bozos. 


The occupation turns out to be 


N+1 


(n(e))=(W +1) — 


with B = 1/T; T : temperature, u: chemical potential and 


g=e he 


For £ = p, hence q = 1 we always get 


N 
(nle=p))= 


For e> u , hence q < 1 and N very large, one gets 
(n(e>u, N large)) > re ("Bose" distribution) 
=q 


Fore<p, henceq> 1 
(n(e<u))>N 


The chemical potential has no upper bound and we can always consider a situation with u> 0 
physically possible. 

It follows that N must always be bounded. It can be big, but never infinite. 

A state can accept a finite number of Bozos but not an infinite one. 

The hypothesis of a "Bose" gas, where N = œ is physically impossible; the Planck radiation formula 
is all about induced emission (Einstein derivation) and is no indication of any "particles", even less 
so since p= 0 and "particle" number becomes indefinite (see above). Radiation is precisely no 
"relative " quantity since it is created (emitted) and destroyed (absorbed). This is not the case with 
particles which are "preexistant" in any thermodynamic treatment and relative to which 
thermodynamic quantities are being defined. 
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